A magnetohydrodynamic ͑MHD͒ turbulence model incorporating the turbulent MHD residual energy ͑difference between the kinetic and magnetic energies͒ is applied to solar-wind turbulence. In the model, the dynamics of the turbulent cross-helicity ͑cross-correlation between the velocity and magnetic field͒ and the turbulent MHD residual energy, which are considered to describe the degree of Alfvénicity of the MHD turbulence, are solved simultaneously with the dynamics of the turbulent MHD energy and its dissipation rate. The transition of solar-wind turbulence from the Alfvén-wave-like fluctuations near the Sun in the inner heliosphere to the fully developed MHD turbulence in the outer heliosphere is discussed. Magnetic dominance in the solar-wind fluctuations is addressed from the dynamics of the evolution equation of the residual energy. An interpretation of the observed Alfvén ratio ͑ratio of the kinetic to magnetic energies͒ of ϳ0.5 is proposed from the viewpoint of a stationary solution of the turbulence model.
I. INTRODUCTION
The solar wind is a continuous plasma flow blown away from the Sun, whose speed ranges from about 300 to 800 km s −1 . Its origin is considered to be related to intense magnetic-field activity near the coronal base of the Sun. The velocity and the magnetic field of the solar wind show variations around the mean values and the mean fields themselves change as the heliocentric distance increases. Thus, the solarwind fluctuations should be regarded as inhomogeneous magnetofluid turbulence. Variations of the solar-wind velocity, magnetic field, and density have been extensively investigated using spacecraft observations. Thanks to these observations, we know detailed properties of solar-wind turbulence such as the temporal and spatial evolutions of fluctuations, the spectral distributions, etc.
Depending on the direction of the large-scale radial magnetic field, space surrounding the Sun is divided into sectors. In a sector where the large-scale magnetic field is in the radially outward ͑inward͒ direction, the cross-correlation between the velocity and magnetic-field fluctuations is negative ͑positive͒.
1 In addition, the correlated fluctuations in the inner heliosphere propagate outward from the Sun with a phase speed approximately equal to the Alfvén speed. These facts indicate that the solar-wind turbulence is closely related to the outward propagating Alfvén waves. Actually, the solarwind turbulence shows a high degree of the Alfvénicity; namely, the high cross-correlation between the velocity and magnetic field, and equipartition between the kinetic and magnetic energies. Such a state is realized, in particular, in the region near the Sun. It is also known from observations that this Alfvénicity decreases as the heliocentric distance increases and solar-wind fluctuations behave as a fully developed magnetohydrodynamic ͑MHD͒ turbulence in the outer heliosphere. ͑Here, "fully developed turbulence" means a turbulence that has a developed inertial range where the turbulent energy is transferred from large to small scales without any influence of viscosity. This type of turbulence contains fluctuating motions at scales smaller than the large energetic scale, whose dynamics are free from the direct effects of viscosity.͒ The "transition" of fluctuations constitutes one of the unsolved problems in the current MHD turbulent theory for the solar wind. 2 Most theories predict far more evolution than is observed when the velocity shears are absent. In this sense, a proper estimate of the effects of the mean velocity shears is highly needed.
Several attempts have been made to account for this transition from the Alfvénic turbulence to the fully developed MHD turbulence. 2 Using a notion of scale separation between the global structures and the local fluctuations in MHD turbulence, Marsch and Tu developed a closed set of equations for the spectral densities of the turbulent energies, helicities, and residual energy. 3, 4 At almost the same time, with the aid of two-scale separation techniques, decomposition into large-and small-scale equations, and modeling of small-scale turbulence, Zhou and Matthaeus derived a closed set of transport equations of the spectral functions, 5 whose structure is similar to the one by Marsch and Tu. On the basis of the spectral equations, they proposed a one-point turbulence model that includes transport equations for the Elssässer energies, residual energy, and correlation length. 6 They showed the importance of the large-scale inhomogeneity in the radial evolution of solar-wind turbulence for the first time. On the understanding that the solar-wind fluctuations near the Sun are outward propagating Alfvén waves, Tu and Marsch developed a "two-component" turbulence model. 7 They assumed that the solar-wind fluctuations are composed of Alfvén waves and convective structures, and combined the Alfvén-wave-dominated fluctuations in the inner heliosphere to the convection-dominated fluctuations in the outer heliosphere. A simple model based on their analysis was proposed. It was attempted to reproduce the basic radial evolutions of energies, cross-helicity, and the Alfvén ratio ͑the ratio of the kinetic to magnetic energies: r A ͒ simultaneously.
These models led to results consistent with the basic characteristics of solar-wind fluctuation evolutions. However, it is also true that they had some difficulties in completely elucidating the radial evolutions of solar-wind turbulence. In particular, the results for the Alfvén ratio r A in these models were lower than the observed results in the outer heliosphere, where r A Ӎ 0.5 for R տ 3 AU.
Apart from the context of the solar-wind turbulence, the difference between the kinetic and magnetic energies is an interesting topic in the MHD turbulence theory and numerical simulation. [8] [9] [10] [11] In the context of homogeneous isotropic MHD turbulence, the Alfvén effects have been discussed. Namely, in the presence of a strong magnetic field, turbulence dynamics is dominated by the interactions between the Alfvén waves traveling along the magnetic field, so the turbulent energy spectrum does not show the usual Kolmogorov scaling but show the so-called Iroshnikov-Kraichnan scaling. 12, 13 There the velocity and magnetic-field fluctuations are aligned each other and equipartition between the kinetic and magnetic energies is realized. ͑We should note here that in the solar wind, the Iroshnikov-Kraichnan scaling is rather difficult to find. As the elaborate work by Podesta et al. clearly showed, the solar-wind turbulence scaling is extremely close to −5 / 3 power law for the magnetic field, while the counterpart for the velocity field is closer to −3 / 2 law.
14,15 ͒ In homogeneous isotropic MHD turbulence, the deviation from equipartition is often discussed in relation with the possible difference between the dissipations of the kinetic and magnetic energies. In contrast, in inhomogeneous MHD turbulence entailing shears of the mean velocity and magnetic fields, we may suppose a distinct difference in the production of kinetic and magnetic turbulent energies. The difference between these energies may then be ubiquitously observed in inhomogeneous MHD turbulence. This point will be shown later in Secs. III and IV, where the production of the turbulent MHD residual energy ͑the difference between the turbulent kinetic and magnetic energies͒ is examined.
The cross-correlation and the deviation from equipartition in the solar-wind turbulence can be expressed in terms of the turbulent cross-helicity ͑W ϵ͗uЈ · bЈ͒͘ and turbulent residual energy ͑K R ϵ͗uЈ 2 − bЈ 2 ͘ /2͒, respectively ͑uЈ: velocity fluctuation, bЈ: magnetic-field fluctuation͒. In the Elsässer variables Ј͑=uЈ+ bЈ͒ and Ј͑=uЈ− bЈ͒, they are expressed as ͗Ј 2 − Ј 2 ͘ / 4 and ͗Ј · Ј͘ / 4, respectively. This shows that they are fundamental correlations as well as the turbulent MHD energy defined by K ϵ͗uЈ 2 + bЈ 2 ͘ /2 ͑=͗Ј 2 + Ј 2 ͘ /4͒. As is well known, the total amount of the crosshelicity ͐ V ͑u · b͒dV as well as the total amount of the MHD energy ͐ V ͑u 2 + b 2 ͒dV, is an inviscid invariant of the MHD system of equations ͑u: instantaneous velocity, b: instantaneous magnetic field, V: fluid volume͒. As this result, W, as well as K, obeys a simple equation whose physical meaning is clear. In the engineering fields, the so-called k -⑀-type turbulence models have been widely accepted. In the k -⑀ model, properties of an electrically nonconducting or neutral fluid turbulence are represented by two one-point turbulence statistical quantities: the turbulent energy k ͑ϵ͗uЈ 2 ͘ /2͒ and its dissipation rate ⑀. In the modeling of the MHD turbulence, we fully utilize the method of turbulence modeling developed in a neutral fluid.
In order to describe the transition of the solar-wind turbulence properly, we can combine the K --type turbulence model of the MHD turbulence with the model equations of the cross-helicity W and of the turbulent MHD residual energy K R . Reflecting the conservation property of the total cross-helicity, the equation of W is simple to be proposed and utilized in various applications to the astrogeophysical phenomena such as dynamo problems. [16] [17] [18] [19] [20] [21] As for the equation of K R , the number of studies has been rather limited. Exceptions are ones in the solar-wind turbulence. [4] [5] [6] Very recently, Yokoi has derived the expressions for the correlation functions appearing in the turbulent residual-energy equation with the aid of a statistical theory for inhomogeneous MHD turbulence. On the basis of the analytical results, a model equation for K R was proposed. 22 As compared with the previous work, its features may be summarized as ͑i͒ systematic incorporation of large-scale inhomogeneity through the nonlinear mixing terms and ͑ii͒ one-point modeling based on the Green's function formalism. 22 These features make the model promising in describing turbulent behaviors in the outer heliosphere, where inhomogeneities of the large-scale velocity and magnetic field are expected to play an important role in the turbulence evolution. In this work, we address the radial evolution of the solar-wind turbulence with the aid of the MHD turbulence model with the cross-helicity and the residual energy incorporated.
The organization of this paper is as follows. The model equation for the turbulent MHD residual energy is given in Sec. II. The model is applied to a solar wind with the aid of a numerical simulation. The numerical simulation and its results are presented in Sec. III. Comparisons of the present results with the spacecraft observations and with previous work are made in Sec. IV. The dominant balance in each dynamical equation is also discussed in relation to the stationary value of the Alfvén ratio in the outer heliosphere in Sec. IV. Conclusions with some final remarks are given in Sec. V.
II. EQUATION OF TURBULENT MHD RESIDUAL ENERGY

A. Fundamental equations
The density , velocity u, and magnetic field b ‫ء‬ of MHD fluids obey
͑: kinematic viscosity, : magnetic diffusivity͒. Note that the magnetic field and electric-current density measured in the original units, i.e., b ‫ء‬ and j ‫ء‬ , respectively, are related to the counterparts in the Alfvén-speed units as
͑5͒ ͑: magnetic permeability͒. As this consequence, Eqs. ͑1͒ and ͑4͒ are rewritten as
We decompose a field quantity f into the mean F and the fluctuation around it, i.e., fЈ, as
͑͗·͘: ensemble average͒. In this work, we are interested in the effects of the large-scale stationary behavior of the solarwind turbulence and consider the effects of the mean-density variation. We then neglect the density fluctuation as
throughout this work. This point does not deny the importance of the effects of density fluctuation, in particular at small spatial scales and short timescales.
B. Model of the turbulent MHD residual-energy equation
As far as a comparison with the solar-wind observation is concerned, the turbulent statistical quantities measured at a given heliocentric radius with an observed density bear a great deal of relevance to this work. Thus, we will consider the total turbulent MHD energy K ͑ϵ͗uЈ 2 + bЈ 2 ͘ /2͒, the cross-helicity W ͑ϵ͗uЈ · bЈ͒͘, and the turbulent MHD residual energy K R ͑ϵ͗uЈ 2 − bЈ 2 ͘ /2͒ in this work, instead of the compressible counterparts such as ͗͑uЈ 2 + bЈ 2 ͒͘ /2, ͗uЈ · bЈ͘, etc.
Applying the Reynolds decomposition ͓Eq. ͑8͔͒ into Eqs. ͑2͒-͑4͒, we get equations for the velocity and magneticfield fluctuations; i.e., uЈ and bЈ, respectively. From these equations, we obtain the evolution equation of the turbulent MHD residual energy K R as
where R is the dissipation rate of K R , T R is the transport rate of K R , and DRT represents the density-variation-related terms. Here, R T , W T , and ⌫ in Eq. ͑11͒ are the selfcorrelation tensor, cross-correlation tensor, and torsional cross-vector of MHD turbulence, respectively. They are defined by
͑14͒
These correlations represent nonlinear mixing due to turbulence and are expected to play a central role in the evolution of the turbulent MHD residual energy. In Eq. ͑11͒, DRT represents the effects of mean-density variation. We see from Eqs. ͑6͒ and ͑7͒ that the mean-density variation can be related to the divergence of the mean velocity and magnetic fields as
Since our interests in this work lie only in the steady state of the large-scale solar-wind structure, we dropped temporal derivative of the mean density in Eq. ͑15͒. The explicit expressions for the DRT are given later in Sec. III B and also in the Appendix.
From a statistical theoretical analysis of the incompressible MHD turbulence, we obtained the expressions for R T , W T , and ⌫ in terms of the spectral functions. 22 With the aid of these expressions, we model these quantities as
͑S ␣␤ : mean-velocity strain rate, M ␣␤ : mean-magnetic-field strain rate, HRT: helicity-related terms, C r1 : model constant͒. Here, is the dissipation rate of the turbulent MHD energy defined by
and R is the turbulent residual viscosity defined by
with K being the turbulent viscosity 112904-3 An application of the turbulent magnetohydrodynamic… Phys. Plasmas 14, 112904 ͑2007͒
͑C K : model constant͒.
As was referred to in Sec. I, in this statistical analytical framework using the two-scale direct-interaction approximation ͑TSDIA͒, the expressions for the residual viscosity R in Eqs. ͑17͒ and ͑18͒ and for the first or B-related term in Eq. ͑19͒ are derived from a systematic manipulation of the governing equations. As this result, they are expressed in terms of the correlation and response functions of MHD turbulence. In this sense, the expressions ͑17͒-͑19͒ including the model constants are put on a firm basis. For details of the analytical expressions and their modeling, see Ref. 22 .
Using Eqs. ͑17͒-͑19͒, we model the equation for the turbulent residual energy ͑K R equation͒ as
͑23͒
This is a direct consequence of the expressions for the mixing correlations, i.e., R T ͓Eq. ͑17͔͒, W T ͓Eq. ͑18͔͒, and ⌫ ͓Eq. ͑19͔͒, substituted into the exact equation for K R ͓Eq. ͑11͔͒. Here, as a first step of modeling the turbulent MHD residual-energy equation, we have dropped the helicityrelated terms ͑HRT͒.
The first term in the right-hand side ͑RHS͒ of Eq. ͑23͒ arises from R T and W T coupled with the mean-field inhomogeneity. This term represents K R generation ͑or destruction͒ due to the relative magnitude of the mean velocity strain ͑S 2 ͒ to the magnetic counterpart ͑M 2 ͒. The second term in Eq. ͑23͒ arises from ⌫ coupled with the mean magnetic field B. This C r1 -related term represents the destruction of K R due to the mean magnetic field. The presence of the mean magnetic field ͑B͒ leads to returning turbulence to equipartition since it always destroys the existing K R . This corresponds to the Alfvén effect caused by the mean magnetic field. The third or C R -related term in Eq. ͑23͒ corresponds to R in Eq. ͑11͒. The destruction rate R is expressed with the simplest possible algebraic model. Combined with the second or C r1 -related term of Eq. ͑23͒, this C R term suggests that the effective destruction of K R is brought by a combination of two turbulence processes: the turn-over of eddies and the Alfvénic interaction. We will be back to this subject later in Sec. IV D. The fourth term in Eq. ͑23͒ corresponds to T R in Eq. ͑11͒. The transport rate T R is expressed by using a simple gradient diffusion approximation.
It is worthwhile to give a brief explanation of the structure of the K R equation. Since the turbulent residual viscosity R is defined as Eq. ͑21͒, the RHS of Eq. ͑23͒ with DRT dropped is linear in K R . This shows that no K R can be generated unless a finite amount of K R ͑seed of K R ͒ already exists. Note that this linearity is a consequence of our neglect of the HRT in Eqs. ͑17͒-͑19͒ and, more fundamentally, our neglect of the contributions from the antisymmetric response function that is related to the breakage of symmetry with respect to the magnetic field ͑see Ref. 22͒ . With taking into account the compressible or flow-expansion effect, this situation must be changed. This point will be referred to in Sec. III.
III. APPLICATION TO SOLAR WIND TURBULENCE
A. Solar-wind observations
From the viewpoint of the radial evolution of the Alfvé-nicity, characteristics of solar-wind turbulence may be expressed in the following two points:
͑i͒ Very high Alfvénicity in the vicinity of the Sun. Namely, the cross-correlation between the velocity and magnetic-field fluctuations is very high ͉͑W͉ / K ϵ 2͉͗uЈ · bЈ͉͘ / ͗uЈ 2 + bЈ 2 ͘Ӎ1͒ and equipartition between the kinetic and magnetic energies is realized. The Alfvén ratio r A , defined by the ratio of the kinetic to the magnetic energies, is nearly unity ͑r A ϵ͗uЈ 2 ͘ / ͗bЈ 2 ͘Ӎ1͒. ͑ii͒
As the heliocentric distance increases, the Alfvénicity decreases. The cross-helicity decreases towards 0-0.2, and the Alfvén ratio tends to r A Ӎ 0.5 and does not decrease further up to the heliocentric distance that observations exist. 2, 23 Note that the decrease can be very slow as pointed out by Roberts et al. 24 These characteristics are summarized in Fig. 1 . Our main objectives in this work are to reproduce these characteristics with the aid of a turbulence model that incorporates the cross-helicity and residual-energy equations and to explain why such a state is realized in the solar-wind turbulence from the standpoint of the turbulence model.
B. System of model equations
As was referred to in Sec. I, the solar wind is blown away from the Sun to the surrounding space. In order to quantitatively discuss the radial evolution of the solar-wind turbulence, we should take into account this expansion effect properly. For this purpose, we incorporate the effects of the mean-density stratification by way of Eqs. ͑15͒ and ͑16͒. In this formulation, the evolution equations for the turbulent MHD energy K, its dissipation rate , the cross helicity W, and the turbulent MHD residual energy K R are given as
where
Here, P K in the equation ͓Eq. ͑25͔͒ denotes the production terms of K ͓the terms related to the inhomogeneity of U and B in Eq. ͑24͔͒. The dissipation rate of W, i.e., W , defined by
is modeled in the simplest possible way as the eighth or C W -related term in Eq. ͑26͒. A brief explanation on the derivation of this compressible modification for the K, W, and K R equations ͓Eqs. ͑24͒, ͑26͒, and ͑27͔͒ is given in the Appendix. Note that here we included ١ · B-related terms arising from the mean-density variation through Eq. ͑16͒ only, but left the MHD-pressurerelated terms not included. This is because the latter are regarded as being already included in the diffusion or transport-rate term of each equation. This system of model equations ͓Eqs. ͑24͒-͑27͔͒ is simultaneously solved in a numerical manner with appropriate boundary conditions. In the above turbulence model, we have formally 12 model constants. In this work, we adopt the following values: eddy viscosity, etc.:
It is important to stress that, in principle, these model constants are not adjustable parameters but universal constants in that, once optimized, they should be fixed throughout various applications of the model. Among them, the constants appearing in the K ͓Eq. ͑30a͔͒ and ͓Eq. ͑30b͔͒ equations should be identical with the counterparts in the hydrodynamic ͑HD͒ k -⑀ model since the MHD K -model should be reduced to the HD k -⑀ model in the absence of the magnetic field. The latter have been fully optimized through the various engineering applications, so we adopt these values for the MHD K -model. In contrast, the constants appearing in the W equation, i.e., C W and W ͓Eq. ͑30c͔͒, leave room for further optimization. Among the two, C W is important for it is directly connected to the dissipation rate of W. Using a mathematical argument concerning the boundedness of W ͉͑W͉ / K ഛ 1͒, it has been shown that C W should be greater than unity ͑C W Ͼ 1͒. The newly added constants are appearing in K R equation. Among the R ͑dissipation of K R ͒-related constants, C r1 and C R , C R should be unity ͑C R =1͒ since the equation for K + K R should be reduced to the usual turbulent energy equation in the case of vanishing magnetic field. We then adopt values as in Eq. ͑30d͒. We refer to them later in relation with timescales of MHD turbulence ͑Sec. IV D͒.
C. Numerical simulations
We assume time-independent mean fields of a solar wind. As a first step of simulation, we fix the mean velocity and magnetic-field throughout the simulation. We adopt spatial distributions that are given by the current theories of the solar wind since they agree with observations well. 25 In the theoretical model, the mean fields in the equatorial plane are considered under the assumptions of ͑i͒ time independence; ͑ii͒ axsymmetry around the rotation axis; ͑iii͒ plasmas constrained in the equatorial plane; and ͑iv͒ symmetry with respect to the equatorial plane. In the spherical polar coordinate ͑r , , ͒, the mean velocity and magnetic fields are expressed as
where ⍀ ᭪ is the angular velocity of the Sun and r A is the and we have Ma= 1 at the Alfvén point r a . Note that in Eq. ͑31b͒ the magnetic field is measured in the Alfvén-speed units. In the original units, the radial magnetic field is expressed as B ‫ء‬ r = B ‫ء‬ r ͑r a ͒͑r a 2 / r 2 ͒ so as to satisfy the solenoidal condition ١ · B ‫ء‬ = 0. As can be seen in Eq. ͑31͒, we dropped the or polar-angle dependence of the mean fields. This is because we suppose a solar-wind region near the equatorial plane within a magnetic sector ͑B r Ͼ 0͒, where the dependence can be neglected as a first-order approximation. This treatment does not deny the importance of the dependence in case we consider a phenomenon such as a flow across the current sheet, where the up-down asymmetry with respect to the current sheet near the equatorial plane is of essential importance.
As far as the mean radial velocity U r is concerned, the prediction given by the nonrotating unmagnetized model is almost identical with the one by the magnetic rotator model. Thus, we use in Eq. ͑31͒ the solar-wind speed given by the former model, which is a solution of Here, r s is the sonic point where the radial speed of the solar wind ͑U r ͒ is equal to the speed of sound ͑c s ͒. The sonic point is calculated as r s = GM ᭪ /2c s 2 ͑G: gravity constant, M ᭪ : solar mass͒. In the region treated in this work ͑r Ͼ r a Ͼ r s ͒, U r can be approximated by the expression in the region far from the sonic point ͑r ӷ r s ͒ as
The mean velocity and magnetic fields ͓Eq. ͑31͔͒ with Eq. ͑34͒ are plotted in Fig. 2 . Here, the fields are scaled by the Alfvén speed at the Alfvén point ͑V a ͒ as
Note that Û r = B r = 1 at the Alfvén point ͑r = r / r a =1͒.
As for the boundary conditions for K, , W, and K R , we fix the values of them at the inner boundary
and assign the vanishing of the second derivatives at the outer boundary
The system of the inner boundary values ͓Eq. ͑35a͔͒ may be set differently. Actually, the simulation results have not changed drastically if we varied these values. However, it is still worth noting a rough reasoning behind the adopted values for K 0 , 0 , and W 0 in Eq. ͑35a͒. The value for K 0 ͑=1.0 ϫ 10 −2 ͒, is determined by assuming that the fluctuation intensities ͑͗uЈ 2 ͘ 1/2 and ͗bЈ 2 ͘ 1/2 ͒ are 10% of the mean fields at the Alfvén point ͓V a ͑=U r ͑r a ͒ = B r ͑r a ͔͒͒. As for 0 , the local equilibrium between the production of K, P K , and the energy dissipation : P K Ӎ is often assumed, which leads to 0 Ӎ 2.3ϫ 10 −3 . In this work, however, we do not use this estimate since we have a large amount of convected K expressed by −͑U · ١͒K. In other words, should be much larger than the estimate usually given in cases without large convection, so as to balance with the sum of P K and the convected K. We adopt a few times larger value ͑ 0 = 8.0ϫ 10 −3 ͒. As for W 0 , we use ͉W 0 ͉ = 0.75K 0 in this work, which is adopted so that W 0 may not show any mismatch with the W value dynamically solved in the simulation region ͑r Ͼ 1͒. The inner value for W should have been set as ͉W 0 ͉ = K 0 since the state of ͉W ͉ / K = 1 is expected to be realized in the very vicinity of the Sun ͑Fig. 1͒. In order to rectify this point, we may invoke some cross-helicity production mechanisms, such as the Alfvén-wave formalism, 7 which would work for realizing a slightly larger value of ͉W͉ / K, in particular, in the inner heliosphere. This point is left as a future rectification.
D. Results
The simulated radial distributions of the turbulent MHD energy K, its dissipation rate , the turbulent cross-helicity W, and the turbulent MHD residual energy K R are plotted against the heliocentric distance in Fig. 3 . With the heliocentric distance r, the absolute values of K, , and W decrease from their inner boundary values at r = 1. In contrast, the absolute value of K R increases near the Sun, then decreases with r. The value of K R decreases from its inner boundary value of K R0 = 0 to its minimum K R Ӎ −0.87ϫ 10 −3 at r Ӎ 3. The energy dissipation rate , the cross-helicity W, and the residual energy K R scaled by the turbulent energy K are plotted against the heliocentric distance in Fig. 4 . We see from this figure that the characteristics of decays in W / K and in K R / K are well reproduced. The radial evolutions of the magnitude of the scaled cross-helicity ͉W͉ / K and the Alfvén ratio r A are given in Fig.  5 . This figure should be compared with Fig. 1 . Note that the range of r = 1 -100 in the present simulation corresponds to the heliocentric distance of r = 0.1-10 AU. The general tendency of the observation is reproduced by the simulation. The radial evolution of r A in the simulation shows a slight concave behavior in the middle heliocentric distance ͑20 Շ r Շ 40͒. This tendency can be removed by changing the ratio of C r1 / C R . However, we did not adopt such an arrangement since the assumption of the mean field ͓Eq. ͑31͔͒ we adopted in this work is still crude to obtain refined results. In addition, the number of data points in observation given by Fig. 1 seem to be small, so we cannot say anything definitely on the concave tendency in Fig. 1 .
E. Simulations mimicking the convective structures
In the simulation to this point, we have assumed some global structures of the mean velocity and magnetic fields given by Eq. ͑31͒ without considering the local variation of these fields. In the real solar winds, however, we observe convective structures accompanied by strong velocity and magnetic-field shears. There are boundary layers in the region between the fast winds ͑whose speed is 600-800 km s −1 ͒ and the slow winds ͑Շ400 km s −1 ͒. In addition, we have large magnetic shears near the boundary between the neighboring magnetic sectors. Thus, in the real heliosphere, solar-wind turbulence lies in complex convective structures. In order to take into account these convective-structure effects, we need a numerical simulation in the full sphere without resort to the simplification assumptions such as the axisymmetry, polar-angle independence, etc.
In place of such an elaborated simulation, in this work, we examine the effects of convective structures with employing artificial situations. Namely, we artificially triple the strain rate of the velocity in the simulation as
with the boundary conditions and model constants exactly the same as the simulation presented in Sec. III D, and see the radial evolution of the turbulent statistical quantities K, , W, and K R . The radial distributions of these turbulent statistical quantities with the tripled mean-velocity strain rates are shown in Figs. 6-8. As is expected from the original K R -equation model ͓Eq. ͑23͔͒, a larger velocity-strain rate enhances the deviation from the equipartition. The value of K R decreases from K R0 = 0 to its minimum K R Ӎ −0.99ϫ 10 −3 at r Ӎ 3.3 ͑Fig. 6͒, whose magnitude is slightly larger than that of K R Ӎ −0.87 ϫ 10 −3 in the case without the enhanced strain rate ͑Fig. 3͒. In the enhanced-strain case, the magnitude of the scaled residual energy ͉K R / K͉ is increased. Consequently, a smaller 
Alfvén ratio r A ͑Ӎ0.4͒ is realized throughout the outer heliosphere in the simulation range. The stationariness of K R / K and r A in space is remarkable as compared with the counterparts obtained in the original strain-rate case in Sec. III D.
We made a simulation with enhancing both the velocity and magnetic strain rates:
The results are almost the same as the ones shown in Figs. 6-8 except for the region very near the Sun, where the magnetic-field effects can be substantially increased. We do not show those results. These results may imply that the simulations with the enhanced strain rate correspond to the real solar-wind turbulence, which lies in a complex convective structure whose local shears are much larger than the global shears given by the prescribed mean fields ͓Eq. ͑31͔͒. However, we do not push this notion further since the enhancement factor of 3 in Eq. ͑36͒ ͓and in Eq. ͑37͔͒ is arbitrarily chosen without any quantitative argument.
IV. DISCUSSION
A. Comparisons with observations and with previous work
In order to evaluate how accurate or useful the present model is, we should directly compare the present results with spacecraft observations and with the results of the previous work. We show the normalized cross-helicity and the Alfvén ratio r A in the present results in Figs. 9 and 10, respectively, with the spacecraft observations and with the results of the previous work. In these figures, we also plot the results simulated with the enhanced velocity strain given in Sec. III E.
We see from Fig. 9 that the values of ͉W͉ / K obtained both by Zhou and Matthaeus 5 and Tu and Marsch 7 are higher than the values of spacecraft observations. 24 Namely, the decrease in ͉W͉ / K is underestimated by the previous models. This underestimate of decrease in the cross-helicity is resolved in the present results.
From Fig. 10 , we see that Zhou and Matthaeus 5 have a value for r A much smaller than the spacecraft observations, especially in the outer heliosphere. This tendency is improved by Tu and Marsch, 7 but their ͉W͉ / K still shows decrease with the heliocentric distance even in the region far from the Sun. Namely, both of previous work give an overestimate in the decrease in the Alfvén ratio. This tendency is also resolved by the present model, where the nondecreasing tendency of r A in space in the region far from the Sun is reproduced.
As may be seen from the choice of C r1 , etc. ͓Eq. ͑30d͔͒, the values of newly added model constants are not optimized as yet. The behaviors of W and K R depend on the values of the dissipation-rate-related constants, C W and C r1 , respectively. If we set C W = 1.4 instead of 1.8 ͓Eq. ͑30c͔͒ adopted in the present simulations, the decreasing tendency of W is reduced. At the same time, a smaller value of C r1 leads to a smaller value of r A . As was referred to in the paragraph following Eq ͑30͒, in principle, these constants are to be universal: The model constants should be fixed throughout any applications of the turbulence model to various flow geometries. The values of the model constants can be optimized only through the various applications of this model or through the direct numerical simulation experiments of the MHD flows. We have not achieved such a mature stage of modeling in MHD turbulence. Therefore, we do not adjust the values for C W or C r1 in an elaborate manner. At the present stage, what is important to note is that the general tendencies are reproduced by this model, and that they do not depend on minute changes of the model constants. If we consider this fact, the above comparison shows well the usefulness of the present model in describing the radial evolutions of solar-wind turbulence.
It is worth noting that in the case of the enhanced velocity strain the values of both ͉W͉ / K and r A become smaller than in the original strain case. This tendency is attributed to the increase in the magnitude of the production terms related to the velocity strain S in the W and K R equations ͓Eqs. ͑26͒ and ͑27͔͒. As will be shown in the following subsection, the fourth terms in the RHS of both Eq. ͑26͒ and Eq. ͑27͒, + K S : M / 2 and + R S 2 / 2, are negative for a negative K R , which leads to a smaller W and K R ͑a larger magnitude of ͉K R ͉͒. In the presence of a strong velocity shear, the magnitudes of the cross helicity and of the Alfvén ratio decrease, as compared to the case with a weak velocity shear, but its extension of decrease is not so large ͑Figs. 9 and 10͒.
B. Dominant balances in energetics
In Sec. III, it was demonstrated that a K --type model accompanied by the turbulent cross-helicity W and the turbulent residual-energy K R equations has a stationary solution that leads to a radial behavior of the Alfvénicity similar to the observed one. In order to increase our understanding of the dynamics of the solar-wind turbulence, in this subsection, we examine the dominant balances of the terms in the turbulent MHD energy ͑K͒ ͓Eq. ͑24͔͒, cross-helicity ͑W͒ ͓Eq. ͑26͔͒, and residual-energy ͑K R ͒ ͓Eq. ͑27͔͒ equations. For the purpose of seeing the general tendency, we list the representative values of each term in both regions near and far from the Sun in Table I . Note that each value is scaled by the value of the convection terms.
As we will see in Figs. 11-13, for all of the K, W, and K R evolutions, the effects of diffusion represented by the final terms in Eqs. ͑24͒, ͑26͒, and ͑27͒ are negligibly small. This is a direct consequence of the solar-wind geometry considered in this simulation: Here the solar wind is supposed to be radially blown away from the Sun, with mean fields ͑U and B͒ well approximated by Eq. ͑31͒. This treatment seems to be reasonable enough when our interests lie in the evolution of the solar-wind turbulence in large-scale flow structures. If we like to know a more local evolution, we may need to take consideration of the azimuthal and polar-angle dependences. In such cases, the situation is different and the diffusion might play a certain role in the solar-wind turbulence evolution.
K equation
In the K equation ͓Eq. ͑24͔͒, inhomogeneities of the mean fields U and B can work for the production of K. If we denote the terms contributing to the production as P K Ј , they are given as
On the other hand, the destruction of turbulent MHD energy is caused mainly by the energy dissipation and the turbulence suppression due to the flow expansion; i.e., −͑K /2͒ ١ · U. These destruction terms mainly balance the turbulent energy K produced by P K Ј and convected by the mean flow U. We then have
In the geometry of the present simulation, however, P K Ј can be regarded as negligibly small in almost all the regions except for the vicinity of the Sun. Firstly, both in the regions near and far from the Sun, the second or J-related term in P K Ј ͓Eq. ͑38͔͒ is fairly small. Secondly, the first and third terms in Eq. ͑38͒, i.e., K S 2 / 2 and −͑K R /6͒ ١ · U, are approximately the same magnitude in the whole regions. However, the magnitude of −͑K R /6͒ ١ · U is generally much smaller than the counterpart of −͑K /2͒ ١ · U since ͉K R /6͉ Ӷ ͉−K /2͉. 
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Finally, the mean magnetic field B contributes to the energy production through −2W ١ · B and ١ · ͑WB͒ ͓the fourth and fifth terms in Eq. ͑38͔͒ in the region near the Sun. These contributions, however, decrease rapidly as the heliocentric distance r increases. This is because both the inhomogeneities of B and W decrease with r. As a consequence, the dominant balance in the K equation in this work is given as
in most regions except for the vicinity of the Sun. The order of magnitude of the terms in the K equation ͓Eq. ͑24͔͒ is depicted in Fig. 11 . The dent of the convection term ͉͑U · ١͒K͉ at r Ӎ 1.3 shows the value of ͑U · ١͒K reverses its sign there. This is an artifact arising from the minor mismatch between the boundary value of K at r =1, K 0 , and the solved dynamics of the K equation ͓Eq. ͑24͔͒. The counterpart of ͉͑1/͒ ١ · ͑ K ١ K͉͒ at r Ӎ 2 is a direct consequence of this K behavior. Note that these artifacts affect the radial behaviors of turbulence quantities only very little. TABLE I. The balances between the major terms in the turbulent MHD energy ͑K͒ ͓Eq. ͑24͔͒, cross-helicity ͑W͒ ͓Eq. ͑26͔͒, and residual energy ͑K R ͒ ͓Eq. ͑27͔͒ equations, respectively. Note that the values are scaled by that of the convection terms. So the signs of the entries change depending on the signs of the convected quantities. 
FIG. 12. The order of magnitude of terms in the turbulent cross-helicity ͑W͒ equation ͓Eq. ͑26͔͒ against the scaled heliocentric distance r.
W equation
In the region near the Sun, the mean magnetic field B coupled with the inhomogeneity of K increases the magnitude of the cross-helicity. There, the turbulent cross-helicity W convected by the mean flow U is dominantly balanced by the sum of the cross-helicity reduction due to the flow expansion and the dissipation of W, and the terms related to the coupling between K and B:
Far from the Sun, however, the fourth and fifth terms in Eq. ͑41͒ are negligible since both the inhomogeneities of B and K rapidly decrease with the heliocentric distance r. The dominant balance in the region far from the Sun is then given by
This means that the radial evolution of W depends highly on the cross-helicity dissipation rate W through the model constant C W . The order of magnitude of the terms in the W equation ͓Eq. ͑26͔͒ is depicted in Fig. 12 . The dent of the convection term ͉͑U · ١͒W͉ at r Ӎ 1.3 shows the value of ͑U · ١͒W reverses its sign there. This is an artifact arising from the minor mismatch between the boundary value of W at r =1, W 0 , and the solved dynamics of the W equation ͓Eq. ͑26͔͒. The counterpart of ͉͑1/͒ ١ · ͓͑ K / W ͒ ١ W͔͉ at r Ӎ 1.8− 2 is a direct consequence of this W behavior. Note that these artifacts affect the radial behaviors of turbulence quantities only very little.
K R equation
The energetics of K R seems to be a little complicated as compared with those of K and W. This is partly because the inner boundary value of K R is zero, unlike the counterparts of K and W, leading to a small value of the convected K R in the region near the Sun.
Near the Sun, a negative K R is generated dominantly by the flow-expansion effect coupled with the turbulent MHD energy, −͑K /6͒ ١ · U. This effect can be interpreted as follows: Both the turbulent kinetic energy ͗uЈ 2 ͘ / 2 and the magnetic one ͗bЈ 2 ͘ / 2 are reduced by a flow expansion represented by ١ · U. We should remember that −͑K /2͒ ١ · U in the K equation reduces the K production for ١ · U Ͼ 0 ͑Table I͒. The degree of reduction is larger in ͗uЈ 2 ͘ / 2 than in ͗bЈ 2 ͘ /2, then a negative K R ͑=͗uЈ 2 − bЈ 2 ͘ /2͒ is associated with the flow expansion. At the same time, in the vicinity of the Sun, the divergence of the mean magnetic field coupled with the turbulent cross-helicity may contribute to the K R variation through −͑W /3͒ ١ · B. However, this effect attenuates immediately with the heliocentric distance r since both W and ١ · B decrease rapidly with r. Actually, even at r = 7.4 in the inner heliosphere, the relative magnitude of ͉−͑W /3͒ ١ · B͉ to ͉͑U · ١͒K R ͉ has already fallen to 0.10 while the counterpart of ͉͑K /6͒ ١ · U͉ remains to be 1.74. The contribution of −͑W /3͒ ١ · B can then be neglected in the whole regions except for the vicinity of the Sun ͑r Շ 7͒. As was referred to in Sec. II B, these effects associated with the flow expansion of a solar wind, are of great importance in particular in the vicinity of the Sun, where equipartition between the kinetic and magnetic energies is realized. In other words, only these effects can work for the production of ͉K R ͉ even in the absence of the seed of K R .
The effective destruction of K R , R ͑e͒ , is represented by the sixth or C R and C r1 -related term in Eq. ͑27͒:
This is a combination of the eddy-distortion ͓the first term in Eq. ͑43͔͒ and the Alfvén ͑the second term͒ effects. The appearance of the second or B-related term should be remarked. Deviation from equipartition between the kinetic and magnetic energies or a finite value of K R is suppressed by the Alfvén effects associated with a strong magnetic field.
In the solar-wind turbulence, these effects may play a certain role both in the regions near and far from the Sun, since B itself remains to be fininte even in the region where the shear of B becomes negligibly small. Quantitatively, this situation directly depends on the magnitude of the Alfvén effects through our choice of model constant C r1 . The value of C r1 is closely connected with the timescales of MHD turbulence. This point will be referred to later in Sec. IV D.
In the region near the Sun, the production of K R is dominantly attributed to ͑K /6͒ ١ · U. This production, with the convection of K R by U, is balanced mainly by the flow expansion effects coupled with W and K R , ͑W /3͒ ١ · B and ͑K R /2͒ ١ · U, and R ͑e͒ ͓Eq. ͑43͔͒ as 
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As the heliocentric distance increases, the relative importance of the convection by U in the local ͉K R ͉ generation increases. Noting that ͉−͑W /3͒ ١ · B͉ attenuates rapidly with r, we have
in the region far from the Sun ͑approximately corresponding to the outer heliosphere͒.
The order of magnitude of the terms in the K R equation ͓Eq. ͑27͔͒ is depicted in Fig. 13 . The dent of the convection term ͉͑U · ١͒K R ͉ at r Ӎ 3 shows the value of ͑U · ١͒K R reverses its sign there. Unlike the K and W cases mentioned above, this dent arises from the dynamical behavior of K R obeying the K R equation. As can be seen in Fig. 3 , K R first decreases from its inner boundary value of K R0 = 0 to its minimum ͑maximum in magnitude͒ K R Ӎ −0.87ϫ 10 −3 at r Ӎ 3, then turns to an increase ͑a decrease in magnitude͒, leading to a sign reversal of ͑U · ١͒K R .
C. Alfvén ratio stationarity in space
With understanding the above energetics of the turbulent statistical quantities, we examine here the Alfvén-ratio stationarity in space ͑r A Ӎ 0.5͒ observed in the region far from the Sun ͑r տ 3 AU͒ from the viewpoint of the stationary solution of the turbulent residual-energy model equation.
If we remark that the diffusion effects in the present simulation are negligible in the whole regions, the balance in the energetics of statistical quantities will be generally kept among the production, convection, and dissipation terms. In the framework of purely incompressible turbulence model, an increase of the residual energy K R due to the convection by the mean flow U and the production by the shears S and J must be balanced by the dissipation of K R , R ͑e͒ , due to the eddy distortion and to the Alfvén effects:
In this simulation, the second and third or S 2 -and J 2 -related terms in Eq. ͑46͒ are much smaller than the rest terms, so they may be neglected. We then have
In this work, we have extra terms arising from the flowexpansion effects, the ١ · U-and ١ · B-related terms. They are originated from the compressibility or the mean-density variation in the solar wind, and in this sense, have origins different from the terms appearing in Eq. ͑46͒, which are inherently incompressible. With this point in mind, we examine Table I and Fig. 13 . We then find the balance relation ͑47͒ ͓or ͑46͔͒ roughly applies. This seems to be the case irrespective of the region near or far from the Sun. In particular, in the region far from the Sun, the incompressible balance ͑47͒ holds with reasonable accuracy.
Provided that the incompressible balance relation of Eq. ͑46͒ is realized, we see from Eq. ͑44͒ that in the region near the Sun, we have
In the region far from the Sun, Eq. ͑45͒ with Eq. ͑47͒ is reduced to
which suggests that the relation
would be realized there. This may explain, from the viewpoint of the steady solution of a turbulence model, why the stationary value of r A Ӎ 0.5 is observed in the region far from the Sun. It is worth noting that this situation is a characteristic of the K R equation. In the K R equation, there is another compressibility term ͓−͑K R /2͒ ١ · U͔ that can counterbalance the primary contribution from the compressibility effects ͓−͑K /6͒ ١ · U͔ in the region far from the Sun. In the cases of K and W equations, the primary contributions from the compressibility are represented only by −͑K /2͒ ١ · U and −͑W /2͒ ١ · U, respectively. As we can see in Eqs. ͑40͒ and ͑42͒, neither of them can be counterbalanced by other contributions from the compressibility in the region far from the Sun. This feature distinguishes the energetics of the K R equation from the counterparts of the K and W equations.
D. Synthesized timescale of MHD turbulence
As was referred to in Sec. I, in the presence of a strong magnetic field, turbulence dynamics may be dominated by the interactions between the Alfvén waves. As a result, equipartition between the kinetic and magnetic energies is realized by effects of Alfvén waves. As can be seen from the second term of Eq. ͑23͒ or the sixth term of Eq. ͑27͒, the Alfvén effects enhance the destruction rate of the residual energy, R . This can be interpreted as a change in the timescale of MHD turbulence due to the mean magnetic field. The timescale of turbulence expressed by the eddy turnover time e ͑=K / ͒, is modified by the Alfvén effects to a timescale s as
where s is a synthesized timescale defined by
Here, A is the Alfvén time given by
and is a timescale-weight factor defined by
͑ᐉ: characteristic length scale of energy-containing range͒. This shows that the ratio of C r1 to C R is closely linked to the relative importance of the Alfvén timescale to the eddy turnover time K / . Equation ͑52͒ can be rewritten as
which is directly suggested from the second term of Eq. ͑23͒.
In this work, we adopt the K R -related model constants as Eq. ͑30d͒, then we have = C r1 / C R = O͑10 −2 ͒. The radial distribution of simulated timescale factor: the Alfvén-effect factor K / B 2 is plotted in Fig. 14. This synthesized timescale by a combination of the eddy distortion and the Alfvén times would play an important role in phenomena such as laboratory plasmas and a solar interior, where the mean magnetic field ͉͑B͉͒ is much larger than the turbulent intensity ͑K 1/2 ͒. Applications of this notion to such phenomena would be reported in the other work.
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V. CONCLUDING REMARKS
A model equation for the turbulent MHD residual energy ͑K R equation͒, which had been proposed with the aid of a statistical analytical theory of inhomogeneous MHD turbulence, was applied to solar-wind turbulence. In the application, the dynamics of K R is solved simultaneously with those of the turbulent MHD energy K, its dissipation rate , and the turbulent cross-helicity W. It was shown that, using the present model, we can obtain the radial evolution of these turbulent statistical quantities that are consistent with the solar-wind observations.
From the viewpoint of the residual-energy turbulence model, the observed value of the Alfvén ratio ͑r A Ӎ 0.5͒ stationary in space ͑r տ 3 AU͒ may be explained as follows: In the region near the Sun, the expansion of the solar wind contributes to increasing the magnitude of K R . Far from the Sun, there is a stationary state of turbulence where the expansion has no net effects, represented by K +3K R Ӎ 0. This is nothing else but the state of r A Ӎ 0.5.
As pointed out by Tu and Marsch, 7 the solar-wind turbulence near the Sun is dominated by the Alfvén wave. In the present work, the high Alfvénicity near the Sun has taken into consideration only through the inner boundary conditions for the cross-helicity W and the residual energy K R ͓Eq. ͑35a͔͒. In this sense, the present work should be regarded as a turbulence model that features the radial evolution of solar-wind turbulence mainly in the outer heliosphere and complementary to the previous work featuring the radial behavior in the inner heliosphere.
In this work, we demonstrated that a stationary state that is consistent with the solar-wind observation can be obtained by using the present turbulence model with prescribed mean fields. Of course this result depends on the choice of the model constants. In particular, the choice of the Alfvén-effect-related constant C r1 in the K R equation ͓Eq. ͑27͔͒ has a great deal of relevance to the quantitative results of the simulation. What we have shown is just that we can reproduce the general tendency of the radial evolution of the Alfvénicity in the outer heliosphere if we adopt C r1 = O͑10 −2 ͒. In the TS-DIA formalism, model constants are related to the spectral integral of the correlation and response functions. 22 Thus, in principle, the model constants can be determined through the evaluation of the spectral integrals. At present, we have not estimated the integrals concerning C r1 , so there is no theoretical justification for this choice of C r1 . However, here we would like to stress the following point. Viewed from the turbulence modeling, it seems reasonable to suppose that our choice of model constants as a whole is appropriate. We use a system of model constants whose values are pertinent enough: Some of them are estimated on the analogy between the MHD turbulence model in the no-magnetic-field limit and the hydrodynamic turbulence model in the engineering applications. Some are constrained within a certain range of values by mathematical requirements and physical considerations.
Although there is still room for improving the system of model equations, including a further optimization of the model constants, etc., this model seems to be most promising in describing the inhomogeneous evolution of the solar-wind turbulence. In this context, it is desirable to perform an elaborated global or full-sphere simulation of the present turbulence model without assuming symmetric properties of the mean fields adopted in this work. At the same time, a local simulation of the present turbulence model featuring the convective structures would be also worth performing. For the purpose of examining the validity of the present model and estimating the model constants, a direct numerical simulation in a simple geometry would be most informative. These are left for the interesting future work.
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APPENDIX: INCORPORATION OF DENSITY-VARIATION EFFECTS THROUGH THE ELSÄSSER VARIABLES
For the purpose of deriving the density-variation effects, we consider a system of ideal MHD equations. In terms of the Elssässer variables = u + b, = u − b, ͑A1͒
Eqs. ͑1͒-͑4͒ with = = 0 are rewritten as
and counterparts given by the exchange of variables
↔ . ͑A4͒
Here, use has been made of the fact that the total MHD pressure p T ͓ϵp + ͑1/2͒b 2 ͔ satisfies − 1
͑A5͒
where p is the gas pressure and c s is the speed of sound defined by c s 2 = dp d . ͑A6͒
The Reynolds decomposition ͓Eq. ͑8͔͒ of and is written as ⌽ = U + B, Ј = uЈ + bЈ, ͑A7a͒
We substitute Eq. ͑A7͒ into Eqs. ͑A2͒ and ͑A3͒ and take an ensemble average. We then have equations for the mean fields as After some straightforward algebra, we have the evolution equations for ͗Ј 2 ± Ј 2 ͘ / 4 and ͗Ј · Ј͘ / 2, whose explicit expressions are given as
